HODGE GENERA OF ALGEBRAIC VARIETIES, II. 
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Abstract. We study the behavior of Hodge-theoretic genera under morphisms of complex 
algebraic varieties. We prove that the additive x^-genus which arises in the motivic context 
satisfies the so-called "stratified multiplicative property" , which shows how to compute the 
invariant of the source of a proper surjective morphism from its values on various varieties 
that arise from the singularities of the map. By considering morphisms to a curve, we 
obtain a Hodge-theoretic analogue of the Riemann-Hurwitz formula. We also study the 
contribution of monodromy to the x^-genus of a smooth projective family, and prove an 
Atiyah-Meyer type formula for twisted Xj,-genera. This formula measures the deviation 
from multiplicativity of the Xy-genus, and expresses the correction terms as higher-genera 
associated to cohomology classes of the quotient of the total period domain by the action 
of the monodromy group. By making use of Saito's theory of mixed Hodge modules, we 
also obtain formulae of Atiyah-Meyer type for the corresponding Hirzcbruch characteristic 
classes. 
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In the mid 1950's, Chern, Hirzebruch and Serre [14J proved that if F — > E — » B is a 
fiber bundle of closed, oriented, topological manifolds such that the fundamental group of 
B acts trivially on the cohomology of F, then the signatures of the spaces involved are 
related by a simple multiplicative relation: a(E) = a(F)a(B). A decade later, Atiyah [2], 
and respectively Kodaira [30], observed that without the assumption on the action of the 
fundamental group the multiplicativity relation fails. Moreover, Atiyah showed that the 
deviation from multiplicativity is controlled by the cohomology of the fundamental group 
of 5. 

The main goal of this paper is to describe in a systematic way multiplicativity properties 
of the Hirzebruch y^-genus (and the associated characteristic classes) for fibrations of alge- 
braic manifolds. We extend the results of Chern, Hirzebruch and Serre in several different 
directions. First, we show that in the case when the Chern-Hirzebruch-Serre assumption 
of the triviality of the monodromy action is fulfilled, the XyS eims is multiplicative. Since 
by the Hodge index theorem, the signature of a Kahler manifold is one of the values of 
the Xy-g enus ) this theorem can be viewed as an extension of the Chern-Hirzebruch-Serre 
result in the algebraic case. Secondly, we consider fibrations with non-trivial monodromy 
action, and prove a Hodge-theoretic analogue of the Atiyah signature formula. We also 
derive a formula for the XyS enns °f E i n which the correction from the multiplicativity of 
the XyS eims is measured via pullbacks under the period map associated with our fibration 
of certain cohomology classes of the quotient of the period domain by the action of the 
monodromy group. For some manifolds F serving as a fiber of the fibration in discussion, 
as well as in the case when one is interested in the value of polynomial Xy yielding the 
signature, the quotient of the period domain is the classifying space of the monodromy 
group and our correction terms coincide with those of Atiyah. In fact, the Atiyah terms are 
the appropriate Novikov type higher-signatures, and our correction terms are extensions of 
these Novikov invariants to the algebraic category. We indicate that recently established 
birational properties of higher genera [HI 0, E5] are valid also for "the corrections to mul- 
tiplicativity" that we introduce here. Analogous formulae for the associated Hirzebruch 
characteristic classes are also discussed. 

We now present in more detail the content of each section and summarize our main 
results. 

In Section [2j we study the behavior of x^-genera under maps of complex algebraic vari- 
eties. We first consider a morphism / : E — > B of complex algebraic varieties with B smooth 
and connected, which is a fiber bundle in the (strong) complex topology, and show that 
under certain assumptions on monodromy the Xy-g enera are multiplicative (cf. Lemma 
12.61 and Lemma l2TTj) . Such multiplicativity properties of genera were previously studied 
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in certain special cases in connection with rigidity (e.g., see [26j [27J S3]). For instance, 
Hirzebruch's XyS eims is multiplicative in bundles of (stably) almost complex manifolds 
with structure group a compact connected Lie group (the latter condition implies trivial 
monodromy), and in fact it is uniquely characterized by this property. The proof of our 
multiplicativity result uses the fact that the Leray spectral sequences of the map / are 
spectral sequences in the category of mixed Hodge structures. The latter claim is a conse- 
quence of Saito's theory of mixed Hodge modules (e.g., see [3TJ ) , and is discussed in some 
detail in 3231 

In Section 12.51 we consider proper morphisms that are allowed to have singularities, and 
extend the above multiplicativity property to this general stratified case. More precisely, 
we prove that, under the assumption of trivial monodromy along the strata of our map, the 
additive XyS eims that arises in the motivic context satisfies the so-called "stratified mul- 
tiplicative property" (cf. Proposition 12.111 and Corollary I2.13I) . This property shows how 
to compute the invariant of the source of a proper surjective morphism from its values on 
various varieties that arise from the singularities of the map, thus yielding powerful topo- 
logical constraints on the singularities of any algebraic map. It also provides a method of 
inductively computing these genera of varieties. A similar result was obtained by Cappell, 
Maxim and Shaneson, for the behavior of intersection homology Hodge-theoretic invari- 
ants, both genera and characteristic classes (see [10], and also [9j). Such formulae were first 
predicted by Cappell and Shaneson in the early 1990's, see the announcements [121 S3], 
following their earlier work on stratified multiplicative properties for signatures and associ- 
ated topological characteristic classes defined using intersection homology, cf. [TT] (see also 
[[E], §4], and [46J for a functorial interpretation of Cappell-Shaneson's L-classes). 

In the special case of maps to a smooth curve, and under certain assumptions for the 
monodromy along the strata of special fibers, in §3.2l we obtain a Hodge-theoretic analogue 
of the Riemann-Hurwitz formula [29] . The proof uses Hodge-theoretic aspects of the nearby 
and vanishing cycles in the context of one-parameter degenerations of projective varieties. 

The contribution of monodromy to Xy-genera is studied in Section HI This can be applied 
to compute the summands arising from singularities in the above formulae. For simplicity, 
we first consider a smooth proper map / : E — > B of smooth projective varieties (thus a 
fibration in the strong topology), and compute Xy{E) so that the (monodromy) action of 
7Ti(.B) on the cohomology of the typical fiber is taken into account (see Theorem 14.11) . The 
proof uses the Hirzebruch-Riemann-Roch theorem J2H] and standard facts from the classical 
Hodge theory. Our formula (14.21) is a Hodge-theoretic analogue of Atiyah's formula for the 
signature of fiber bundles [2], and measures the deviation from multiplicativity of the Xy~ 
genus in the presence of monodromy. In Section I4.3[ this deviation is expressed in terms of 
higher-genera associated to cohomology classes of the quotient of the total period domain by 
the action of the monodromy group. As a corollary of our formula (14. 2p . we point out that if 
the action of t^\{B) on the cohomology of the typical fiber F preserves the Hodge filtration, 
then the x y -genus is still multiplicative, i.e., Xy(E) = Xy(B) ■ Xy(F)- This assertion is false 
in the non-compact case (see Example 12.91 (2)). As a byproduct of the proof of Theorem 
I4.1[ we obtain a Hodge-theoretic analogue of Meyer's formula for twisted signatures [21] 
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(see Corollary 14.61) . At the end of Section HJ we present several interesting extensions of 
these Hodge-theoretic Atiyah-Meyer formulae to more general situations, where we allow 
the spaces involved to be singular and/or non-compact. 

In Section 0, we extend some of the above mentioned results on x y -genera to Atiyah- 
Meyer type formulae for the corresponding Hirzebruch characteristic classes. The proofs 
are much more involved, and use in an essential way the construction of Hirzebruch classes 
via Saito's theory of mixed Hodge modules (cf. [8]). At this end, we point out that many of 
our formulae for genera can be obtained from the corresponding formulae for characteristic 
classes. However, we chose to present the results for genera first, since they can be proven 
by using only standard facts of classical Hodge theory, thus becoming accessible to a wider 
audience. 

It is conceivable that many of our results remain valid in a more general context (e.g., 
for compactifiable complex analytic varieties). However, for simplicity, we present here our 
Atiyah-Meyer type results in the algebraic setting. 

We have tried to make this paper as self-contained as possible. For this reason, in §2.21 
we provide necessary background on Saito's theory of mixed Hodge modules, and in §3.11 
we recall Deligne's formalism of nearby and vanishing cycles. However, we assume reader's 
familiarity with certain aspects of Deligne's Hodge theory ( [171 134"])- 

In a future paper, we will consider extensions of our monodromy formulae to the singular 
setting, both for genera and characteristic classes. One possible such extension makes 
use of intersection homology [22l [23] and the BBDG decomposition theorem [5j [15]. This 
approach is motivated by the considerations in [TU] (where the case of trivial monodromy 
was considered), and by an extension of the Atiyah-Meyer signature formula to the singular 
case, which is due to Banagl, Cappell and Shaneson [3J. 

Acknowledgements. We are grateful to Jorg Schiirmann for reading a first draft of this 
work, and for making many valuable comments and suggestions for improvement. We 
thank Mark Andrea de Cataldo, Alexandru Dimca and Nero Budur for many inspiring 
conversations on this subject, and Joseph Steenbrink and Shoji Yokura for commenting on 
a preliminary version of this work. 



2.1. Hodge genera. Definitions. In this section, we define the Hodge-theoretic invari- 
ants of complex algebraic varieties, which will be studied in the sequel. We assume reader's 
familiarity with Deligne's theory of mixed Hodge structures j!7j. 

For any complex algebraic variety Z, we define the y^-genus in terms of the Hodge-Deligne 
numbers of compactly supported cohomology of Z (cf. [IS]). More precisely, 



where hP^(H l c (Z;C)) = dim c Gr p F (Gr^ +q H l c (Z) ® C), with F* and W, the Hodge and re- 
spectively the weight filtration of Deligne's mixed Hodge structure on H l c (Z). Similarly, 
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we define the XyS eTLUS °f Z, x y [Z\ by using the Hodge-Deligne numbers of H*(Z; C). Of 
course, for a complete variety Z we have that x y [Z) = Xy(Z). If Z is smooth and projective, 
then each cohomology group H l c (Z; C) = H l (Z; C) has a pure Hodge structure of weight i, 
and the above formulae define Hirzebruch's XyS eims (cf. [26] ) . Note that for any complex 
variety Z, we have that X-i{Z) = X-i(Z) = x(Z) is the usual Euler characteristic, where 
for the first equality we refer to [2T], pp. 141-142. Similarly, xo an d Xo are t wo possible 
extensions to singular varieties of the arithmetic genus. 

The compactly supported x^-genus, Xyi satisfies the so-called "scissor relations" for com- 
plex varieties, that is: Xy{%) = Xy{W) + Xy(Z \ W), for W a closed subvariety of Z. 
Therefore, Xy can De defined on K {Varc), the Grothendieck group of varieties over C 
which arises in the motivic context. 

More generally, we can define Xy-genera on the Grothendieck group of mixed Hodge struc- 
tures K (mhs) = KQ(D b mhs) , where we denote by mhs the abelian category of (rational) 
mixed Hodge structures. Indeed, if K G mhs, define 

(2.1) X y([K}) := J2 d ™cGr p F (K® C) • (-y)*, 

p 

where [K] is the class of K in KQ(mhs). This is well-defined on K (mhs) since the functor 
Gr p F preserves exactness. For K* a bounded complex of mixed Hodge structures, we define 

and note that we have: 
In view of (12.11) . we set 

(2-2) x y ([K']):=j2(- i yx y (m). 

In this language, we have that: 

Xi(Z)=Xy([H- c (Z;®)]) 

and 

Xy(Z)= X y([H'(Z ] Q)]), 

where H'(Z; Q) and H'(Z; Q) are regarded as bounded complexes of mixed Hodge struc- 
tures, with all differentials equal to zero. 

2.2. Basics of Saito's theory of mixed Hodge modules. Even though the theory of 
mixed Hodge modules is very involved, in this section we give a brief overview adapted to 
our needs, and we show some quick applications in the following sections. The standard 
references for the algebraic case are Saito's papers [38] and [37], §4, but see also the book 
[34] . Chapter 14, for a brief survey. 

We recall that for any complex algebraic variety Z, the derived category of bounded 
cohomologically constructible complexes of sheaves of Q-vector spaces on Z is denoted by 
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D C [Z), and it contains as a full subcategory the category PervQ(Z) of perverse Q-complexes. 
The Verdier duality operator B) z is an involution on D b (Z) preserving PervQ(Z). Associated 
to a morphism / : X — > Y of complex algebraic varieties, there are pairs of adjoint functors 
(f*,Rf*) and (f l ,Rf\) between the respective categories of cohomologically constructible 
complexes, which are interchanged by Verdier duality. For details, see the books [201 HO]. 

M. Saito associated to a complex algebraic variety Z an abelian category MHM(Z), the 
category of mixed Hodge modules on Z, together with a faithful forgetful functor 

rat : D b MHM(Z) -»■ D b c (Z) 

such that rat(MHM(Z)) C Perv Q (Z). For M* G D b MHM(Z), rat(M') is called the 
underlying rational complex of M* . 

We say that M G MHM(Z) is supported on S if and only if rat(M) is supported on S. 
Saito showed that the category of mixed Hodge modules supported on a point coincides 
with the category of (graded) polarizable rational mixed Hodge structures. In this case, 
the functor rat associates to a mixed Hodge structure the underlying rational vector space. 

Since MHM(Z) is an abelian category, the cohomology groups of any complex M* G 
D b MHM(Z) are mixed Hodge modules. The underlying rational complexes of the coho- 
mology groups of a complex of mixed Hodge modules are the perverse cohomologies of the 
underlying rational complex, that is, rat(if- ? (M*)) = p 7i J (rat(M')) . 

The Verdier duality functor B>z lifts to MHM(Z) as an involution, in the sense that it 
commutes with the forgetful functor: rat o V>z = V>z° rat. 

For a morphism / : X — > Y of complex algebraic varieties, there are induced functors 
/*,/, : D b MHM(X) -> D b MHM(Y) and f*,f l : D b MHM(Y) -> D b MHM(X), ex- 
changed under the Verdier duality functor, and which lift the analogous functors on the 
level of constructible complexes. Moreover, if / is proper, then f\ = /*. 

Let us give a rough picture of what the objects in Saito's category of mixed Hodge 
modules look like. For Z smooth, MHM(Z) is a full subcategory of the category of objects 
((M, F), K, W) such that: 

(1) (M, F) is an algebraic holonomic filtered P-module M on Z, with an increasing 
"Hodge" filtration F by coherent algebraic Cz-modules; 

(2) K G PervQ(Z) is the underlying rational sheaf complex, and there is a quasi- 
isomorphism a : DR(M) ~ C ® K in Perv<c(Z), where DR is the de Rham functor 
shifted by the dimension of Z; 

(3) W is a pair of (weight) nitrations on M and K compatible with a. 

For a singular variety Z, one works with local embeddings into manifolds and corresponding 
filtered P-modules with support on Z. In this notation, the functor rat is defined by 
rat((M, F), K, W) = K. 

A complex M* G D b MHM(Z) is mixed of weight < k (resp. > k) if Gr^H j M' = 
for all z > j + k (resp. z < j + fe), and it is pure of weight k if Grf fP M* = for all 
i j + k. If / is a map of algebraic varieties, then /i and /* preserve weight < k, and 
/* and f preserve weight > k. If M* G D b MHM(Z) is of weight < k (resp. > k), then 
H^M* has weight < j + k (resp. > j + fc). 
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If j : U t — ► Z is a Zariski-open subset in Z, then the intermediate extension ji* (cf. [5]) 
preserves the weights. 

Following [37], there exists a unique object Q H G MHM(point) such that rat(Q H ) = Q 
and Q H is of type (0,0). In fact, Q H = ((C, F), Q, W), with c/rf = = grf for all 
i ^ 0, and a : C — > C <S> Q the obvious isomorphism. For a complex variety Z, define 
Qf := a£Q H e D b MHM(Z) with a z : Z -> pomi the map to a point. If Z is smootf* 
of dimension n, then Q z [n] G Perw(Q x ) and Qf [ra] € MHM(Z) is a single mixed Hodee 
module (in degree 0), explicitely described by Qffn] = ((Oz, F), Qz[n), W), where F and 
W are trivial nitrations so that grf = = gr^ n for alH 7^ 0. So if Z is smooth of dimension 
n, then Qjf[n] is pure of weight n. By the stability of the intermediate extension functor, 
this shows that if Z is any algebraic variety and j : U "—>■ Z is the inclusion of a smooth 
Zariski-open subset, then the intersection cohomology module IC§ '■= j\*(Q.u[ n \) ^ s pure 
of weight n. 

More generally, if V is a polarized variation of Hodge structures of weight k with quasi- 
unipotent monodromy at infinitjfj] defined on a Zariski-open subset U of Z, then V corre- 
sponds to a smooth mixed Hodge module V H [n] on U (i.e., the associated rational complex 
is a local system) of weight k + n, whose underlying perverse sheaf is Y[n] (see Thm. 
5.4.3, [3S], §2, [31], Thm. 14.30). So the twisted (middle-perversity) intersection homology 
complex IC§ (V) := j\*(V H [n]) is a mixed Hodge module, pure of weight k + n. 

The following result is implicit in the work of Saito. 

Proposition 2.1. Let Z be a n- dimensional irreducible projective variety, and V a polar- 
ized variation of Hodge structures of weight k (with quasi-unipotent monodromy at infin- 
ity) defined on a Zariski-open dense subset of Z . Then the intersection cohomology group 
IHi(Z;N) carries a pure Hodge structure of weight j + k. 

Proof. Let az : Z — > point be the constant map to a point. Since az is proper, az* preserves 
the weights. The claim follows from the isomorphism 

IH j {Z;Y) W'- n (Z;/Cf (V)) H j - n {a z JC§ (V)), 

by noting that az^IC^ (V) is a pure complex of weight n + fc, thus H^ n (a z ^lC^ (V)) is 
a pure Hodge module of weight j + k supported over a point. Since over a point mixed 
Hodge modules are exactly the (graded) polarizable mixed Hodge structures, the latter is 
a Hodge structure of weight j + k. 

□ 

The following corollary will be needed in the sequel: 

Corollary 2.2. Let Z be a smooth complex projective algebraic variety, and V a polar- 
ized variation of Hodge structures of weight k defined on Z . Then the cohomology group 
Hi(Z; V) carries a pure Hodge structure of weight j + k. 



This condition is automatically satisfied if V is a variation of Z- Hodge structures, by the monodromy 
theorem, [33], Thm. 11.8. 
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Remark 2.3. More generally, if the variety Z in Proposition 12.11 and Corollary 12.21 is 
not necessarily compact, and if V is a polarized variation of Hodge structures or, more 
generally, an admissible variation of mixed Hodge structures (for a definition, see [31] , Def . 
14.47 and the references therein) on (a Zariski-open dense subset of) Z, then the associated 
(intersection) cohomology groups carry natural mixed Hodge structures. 

2.3. Spectral sequences of mixed Hodge modules. In this section, we justify the claim 
that certain Leray-type spectral sequences (e.g., the Leray spectral sequence of an algebraic 
morphism, or the hypercohomology spectral sequence) are in fact spectral sequences of 
mixed Hodge structures. 

From the general theory of spectral sequences, since the category of mixed Hodge modules 
is abelian, the canonical filtration r on D b MHM(Z) preserves complexes of mixed Hodge 
modules. Therefore, the second fundamental spectral sequence ([31], §A.3.4) for any (left 
exact) functor F sending mixed Hodge modules to mixed Hodge modules, that is, the 
spectral sequence 

(2.3) E p ' q = H p F(H q (M')) H P+Q F(M'), 

is a spectral sequences of mixed Hodge modules. 

Note that the canonical t-structure r on D b MHM(Z) corresponds to the perverse trun- 
cation p t on D h c (Z). However, Saito ([37J, Remark 4.6(2)) constructed another t-structure 
V on D b MHM(Z) that corresponds to the classical t-structure on D b (Z). By using the 
t-structure 'r in the construction of the second fundamental spectral sequence above, one 
can show that the classical Leray spectral sequences are in fact spectral sequences of mixed 
Hodge structures. 

Example 2.4. Leray spectral sequences. 

(1) Let Z be a complex algebraic variety. Then for T* a bounded complex of sheaves with 
constructible cohomology on Z, we have the spectral sequence with the i?2-term given by 

(2.4) E PA = H P (Z- H q {T*)) W +q (Z- JF*). 

This spectral sequence is induced by the natural filtration on the complex J 7 *, and if T* 
underlies a complex of mixed Hodge modules, then the spectral sequence is compatible with 
mixed Hodge structures: this follows by using the t-structure V defined in [37], Remark 
4.6(2), and the fundamental spectral sequence (I2.3P for F = T(Z, ■) = (a^)*, together with 
the fact that mixed Hodge modules over a point are (graded polarizable) mixed Hodge 
structures. 

Similarly, by taking F = T C (Z, •) = (az)\ together with the t-structure V above, the 
compactly supported hypercohomology Leray spectral sequence 

(2.5) E p ' q = H P (Z; H q (F)) U p+q (Z; JF*). 

is a spectral sequence in the category of mixed Hodge structures, provided T* underlies a 
bounded complex of mixed Hodge modules. 
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(2) Let / : E — > B be a morphism of complex algebraic varieties. The Leray spectral 
sequence for / 

(2.6) E p 2 ' q = H P (B, R q f*Q E ) H p+q (E) 

is a spectral sequence of mixed Hodge structures: this follows by using V on D b MHM(B), 
and the example above applied to T* = Rf*Q E , that underlies M* = /*Qf E D h MHM(B). 
Similarly, there is a compactly supported version of the Leray spectral sequence for / in 
the category of mixed Hodge structures, namely 

(2.7) E™ = H P (B, R q f,Q E ) H p+q (E). 

By using the usual t-structure on D b MHM(B), hence the perverse t-structure on D b c (B), 
we obtain that the perverse Leray spectral sequence for /, 

(2.8) = W(B,*H j (fJF)) => W +j (E; J 7 ') 

is a spectral sequence in the category of mixed Hodge structures, provided T* underlies a 
bounded complex of mixed Hodge modules. 

Remark 2.5. In the quasi-projective setting, a different proof of the fact that the spectral 
sequences (12. 6 p and (12. 7p are spectral sequences of mixed Hodge structures was given by 
Arapura in p] . 

2.4. Multiplicativity properties of x^-genera. In this section we use the above spectral 
sequences in studying multiplicative properties of the Hodge-theoretic genera. We first 
prove the following: 

Lemma 2.6. Let E, B, F be complex algebraic varieties with B smooth and connected, 
and let p : E — > B be an algebraic morphism such that p is locally trivial in the strong 
(complex) topology of B, with fiber F. Assume that the local systems R*p*Ce are constant 
for each j (e.g., tti(B) = 0). Then 

Xy (E) = Xy(B) X y(E). 

If moreover, all E, B and F are smooth, then 

X C y(E) = X y (B) Xy (F). 

Proof. Consider the Leray spectral sequence of p, that is 

E p ' q = H p {B,R q pX E ) => H p+q (E) 

In the category of algebraic varieties this is a spectral sequence of mixed Hodge structures 
(cf. !Q. 

Since the local systems R q p^C E are constant, the corresponding variations of mixed 
Hodge structures are trivial as the natural morphism H°(B, R q pjC E ) —>■ (R q p*C E ) y is a 
mixed Hodge structure isomorphism for any y G B. Then we have H P (B, R q pJ£ E ) = 
H p {B) <g> (R q pX E ) y as mixed Hodge structures, and there are mixed Hodge structure 
isomorphisms 

(2.9) E p ' q = H P {B) ® H q {F) 
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Since all differentials in the Leray spectral sequence are mixed Hodge structure mor- 
phisms, thus strict with respect to the Hodge and weight nitrations, by [17], Lemme 1.1.11 
we get a spectral sequence for the Hodge components of a given type (k, I): 

(2.10) E(k, Of' 9 := Gr k F Grf +l Er =► Gr k F Gr^ +l H^(E) 

Now let e k ' 1 be the Euler characteristic of Hodge-type (&,/), i.e., for a complex algebraic 
variety Z we define 

e k \Z) = ^2(-l) l h k \H\Z)). 

i 

By the invariance of Euler characteristics under spectral sequences, from (12.91) and (12.101) 
we obtain 

e k \E) = ^(-l)Mim (® p+q=i E(k, I)™) 

i 

e r ^ s (B)e t ' u (F). 

r+t=k,s+u=l 

The multiplicativity of Xy follows by noting that for a variety Z, 

Xy (Z) = J2^ l (Z)-(-y) k . 

k,l 

The claim about the multiplicativity of the y^-genus follows by Poincare Duality, by noting 
that if Z is a smooth complex algebraic variety of dimension n, then x c y {Z) = (—y) n x y -^{Z). 
Indeed, the Poincare duality isomorphism takes classes of type (p, q) in H ] C (Z) to classes of 
type (n — p,n — q) in H 2n ~i{Z\ where n = dimZ. 

□ 

By noting that for any b G B, {Wp\'CE)b — H 3 C (F; C), a similar argument applied to the 
compactly supported Leray spectral sequence (12. 7\ of the map p, yields the following 

Lemma 2.7. Let E, B, F be complex algebraic varieties with B smooth and connected, 
and consider p : E — > B an algebraic morphism such that p is locally trivial in the strong 
(complex) topology of B with fibre F. Assume that the local systems R 3 p\Ce are constant 
for each j (e.g., tti(B) = 0). Then 

X c y (E) = X c y {B)x c y {F). 

Remark 2.8. The same argument can be used to show that the results of the above lem- 
mas hold for the Hodge-Deligne polynomials (or the E'-functions) defined by E(Z;u,v) = 
*Y^ kl e k " ,l {Z s )u k v l (and similarly for the ^-functions E c (Z;u,v) defined by using the com- 
pactly supported cohomology) 3 In particular, these results hold for the weight polynomials 
W(Z;t) := E(Z;t,t) and respectively W c (Z;t) := E c (Z;t,t) considered in [15] . In fact, 
Lemma [2.61 is modeled after [19] , Theorem 6.1. 



2 Note that x y (Z) = E(Z; -y, 1), and similarly, x y ( Z ) = E c( z \ ~Vi l )- 
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Example 2.9. (1) As an example, consider the case of the Hopf fibration defining CP". 
Then Xy (CP") = ^(CF 1 ) = 1 + (-y) + ■■■ + (-y) n , x^(C" +1 \ {0}) = {-y) n+l - 1, 
X c y (C*) = -y-l, and by Poincare Duality, Xy (C n+1 \ {0}) = 1 - (-y) n+1 , Xy (C*) = 1 + 2/. 
Thus the multiplicativity for both Xy an d X% holds. 

(2) Let p be the Milnor fibration of a weighted homogeneous isolated hypersurface singu- 
larity at the origin in C n+1 , that is, F = {p = 1} ^ E = C n+1 \ {p = 0} -> B = C, for 
p a weighted homogeneous polynomial in n + 1 variables, with an isolated singular point 
at the origin. In this case, the monodromy is an algebraic morphism of finite order, so it 
preserves the nitrations in H*(F; C). In other words, each Bjp*QE is a (non-constant) local 
system of mixed Hodge structures (note that this is not the case for general singularities). 
The mixed Hodge structure on H*(F; Q) is known by work of Steenbrink [2]. It turns out 
that even in this special case, the Xy-g enera are n °t multiplicative (but see Section §5]for 
the compact case). Here is a concrete example: let p(x,y) = x 3 — y 2 defining the cuspidal 
cubic in C 2 . Then, in the notations above and by |44j . the (mixed) Hodge numbers of F 
are h°'°(H°(F)) = 1, h 1 ' = 1, h ' 1 ^ 1 ^)) = 1 and h}^{H l {F)) = (note that 
H 2 (F) = since F is affine of complex dimension 1). Therefore, we obtain that Xy{F) = V-, 
so by Poincare Duality it follows that Xy(F) = (~y) ' Xy- 1 ^) = —1. It also follows easily 
that x c y (E) = y 2 + y, x c y (B) = -y-l, and Xy (E) = l + y, Xy(B) = l + y. 

Remark 2.10. The assumption of trivial monodromy is closely related to, but different 
from the situation of "algebraic piecewise trivial" maps coming up in the motivic context 
(e.g., see [8]). For example, the formula in Lemma 12.71 is true (without any assumption 
on monodromy) for a Zariski locally trivial fibration of possibly singular complex algebraic 
varieties (see [32], Corollary 1.9, or [S], Example 3.3). Note also that if all spaces involved 
are smooth, then a Zariski locally trivial fibration is a locally trivial fibration in the complex 
(strong) topology, and the monodromy action is trivial. 

2.5. x^-genera and singularities of maps. In this section, by analogy with the results 
of [9l [10], we discuss the behavior of the x y S enViS under proper morphisms of algebraic 
varieties, and show that x y satisfies the stratified multiplicative property in the sense of 
[T2] . The result will be further refined in §3J in the case of maps onto curves. 

Let / : X n — > Y m be a proper map of complex algebraic varieties of indicated dimensions. 
Such a map can be stratified with subvarieties as strata, i.e., there exist finite algebraic 
Whitney stratifications X of X and S of Y, such that for any component S of a stratum 
of Y, / _1 (5*) is a union of connected components of strata of X, each of which is mapping 
submersively to S. This implies that f\f-^(s) '■ /~ 1 (5') - * S is a locally trivial map of 
Whitney stratified spaces (see [24J, §1.1.6). For simplicity, we will assume that / is smooth 
over the dense open stratum (e.g., the latter is connected). We denote by F the general 
fiber of /, and by F$ the fiber of / above the singular stratum S G S. 

We can now prove the following formula, showing the deviation from multiplicativity of 
the Xy-genus in the case of a stratified map (compare with results in [9l [TO]): 
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Proposition 2.11. Let f : X — > Y be a proper surjective morphism of (possibly singular) 
complex algebraic varieties. Let S be the set of components of open strata of Y in a strati- 
fication of f , and assume tti(S) = for all S G S. For S G S, define Xy{S) inductively by 
the formula: 

w<s 

where the sum is over allW G S with W C S \ S . Then: 

(2.11) X C y(X) = X C y {Y)X C y{F) + £ ■ [jfi(F 3 ) - X C y{F)] . 

SeS,dimS<dimY 

Proof. Note that by the additivity of Xy-genera, we have that Xy(S) = Xy{S). Next, by 
additivity and multiplicativity for locally trivial fibrations with trivial monodromy (cf. 
Lemma I2T7|) . it is easy to see that: 

X C y(X) = X C y{Y)X C y{F) + £ X^S) • [^(Fs) ~ Xy(F)} " 

5e5,dim5<dimy 

The result follows. 

□ 

Example 2.12. Smooth blow-up 

Let Y be a smooth subvariety of codimension r + 1 in a smooth variety X. Let ir : X —>■ X 
be the blow-up of X along Y. Then 7r is an isomorphism over X\Y and a projective bundle 
(Zariski locally trivial) over Y, coresponding to the normal bundle of Y in X of rank r + 1. 
The formula in Proposition 12.111 yields 

(2-12) X C y{X) = Xl{X) + XliY) •(-» + •■•+ (^D • 

Note that this formula also holds without any assumption on monodromy, by using instead 
Remark EH and the fact that ir~ x {Y) is a Zariski locally trivial fibration over Y with fiber 
CP r (see pi], §1.10). 

In the notations of Proposition 12. 11\ we also obtain the following fact which was claimed 
in [ID]: 

Corollary 2.13. Let f : X — > Y be a proper surjective morphism of complex projective 
algebraic varieties, and assume tti(S) = for all S G S. Then with the obvious definition 
for Xy{S), the following holds: 

(2.13) X y(X) = Xy(Y) X y(F) + Xy(S) ■ lXy(Fs) - Xy(F)} . 

S £ S , dimS < dimY 

Remark 2.14. More generally, by Remark 12.81 and additivity, both formulae ( 12.111) and 
( I2.13P above are satisfied by the Hodge-Deligne polynomial E c (—; u, v) defined by means of 
compactly supported cohomology. In other words, the polynomial E c (—;u,v) satisfies the 
stratified multiplicative property. 
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2.6. Xy~S enerSi an d mixed Hodge modules. In this section, by using Saito's theory of 
mixed Hodge modules we derive some easy additivity properties of x^-genera of complexes 
of mixed Hodge structures. We begin with a consequence of the fact that mixed Hodge 
modules over a point are just (graded-polarizable) mixed Hodge structures: 

Lemma 2.15. Let Z be a complex algebraic variety, and az '■ Z — > pt be the constant map 
to the point. For any bounded complex M* of mixed Hodge modules on Z 

W(Z; M*) := H p {{a z ),M 9 ) and W C {Z; AT) := H p ((a z )iM') 

are mixed Hodge structures. In particular, if M is a mixed Hodge module on Z whose 
underlying rational complex is the perverse sheaf T* , then the hypercohomology group 
W(Z;F*) (and resp. M P (Z; J 7 ')) is the rational vector space underlying M P (Z;M) (and 
resp. W°(Z; M) ), hence the former is a rational mixed Hodge structure. 

As a corollary, we obtain some very useful facts for the global-to-local study of x^-genera. 
If Z is a complex algebraic variety, and i : Y ■=— > Z is a closed immersion, with j : U — > Z 
the inclusion of the open complement, then there is a functorial distinguished triangle for 
M* G D b MHM(Z), lifting the corresponding one from D b c (Z) (cf [37], p. 321): 

(2.14) J\fM* AP iJ*M* ^1 

In particular, by taking hypercohomology with compact supports in (12.141) and together 
with Lemma I2.15[ we obtain that the following long exact sequence is a sequence in the 
category of mixed Hodge structures: 

(2.15) > W C {U] j*M') -> W C (Z; M') -> W C (Y; i*M') -»• • • • 

Therefore, 

(2.16) Xy(m(Z; M')]) = X y([K(Y; M')]) + x y ([K(U; M')]). 

As a corollary of (12.161) . by induction on strcitci we obtain the following additivity property: 

Corollary 2.16. Let S be the set of components of strata of an algebraic Whitney stratifi- 
cation of the complex algebraic variety Z . Then for any M* e D b MHM(Z), 

(2.17) Xy([K(Z;M-)}) = J2xv([K(S;M')}). 

ses 

Remark 2.17. By taking M' = Q% in (12.171) . we obtain the usual additivity of the x c y ~ 
genus (recall that x y ls defined on the Grothendieck group of complex varieties). This is a 
consequence of the fact that Deligne's and Saito's mixed Hodge structures on cohomology 
(with compact support) coincide. The latter assertion can be seen by construction if the 
variety can be embedded into a manifold, but in general it is a very deep result of Saito, 
see [55] . 

Each of the terms in the sum of the right-hand side of equation (12. 17ft can be further 
computed by means of the Leray spectral sequence for hypercohomology (cf. §2.31) . 
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Let Z be an algebraic variety, M* G D b MHM(Z), and fix an algebraic Whitney stratifi- 
cation with respect to which T* := rat(M') G D h c (Z) has constructible cohomology. Let S 
be the set of components of strata, and fix S G S. Then S is a non-singular complex alge- 
braic variety. Moreover, each cohomology sheaf 7i q (T*) on S is a local system underlying 
a variation of mixed Hodge structures. We first prove the following extension of Lemmas 
12.61 and 12.71 (in fact, the latter follow from this for some distinguished choices of M'): 

Proposition 2.18. Assume the local systems W(T') are constant on S for each j G Z, 
e.g. 7t~i(S) = 0. Then 

(2-18) Xv(mS\ M')]) = X y(S) ■ Xy{[H\T-) x \) 

and 

(2.19) xvims; M')}) = x c y (S) ■ x„([«"(^)«]), 

where [H*(J 7 °) X ] G K (mhs) is the complex (with all differentials zero) of mixed Hodge 
structures corresponding to stalk cohomologies of T* at a point in S. 

Proof. This is a consequence of the fact that the spectral sequences (12.41) and (I2.5P , applied 
to the variety S and to the complex F'ls, are spectral sequences of mixed Hodge structures. 

By our assumption, the variations of mixed Hodge structures ^(JF*) on S are trivial, 
hence by (12.41) and as in the proof of Lemma [2.61 there are mixed Hodge structure isomor- 
phisms 

(2.20) E p 2 ' q = H p (S) ® V q , 

where V q := W{T') X = H°(S; W^')), for any x G S. 

Now let e k,t be the Euler-characteristic of Hodge-type (k,l), i.e., for a bounded complex 
K* of mixed Hodge structures 

e k \[K']) = Y^(-lYh k ' l ([K% 

i 

Since all differentials in (12 ,4p are mixed Hodge structure morphisms, an argument similar 
to that in Lemma 12. 6[ yields that 

e k > l ([W(S; M'))}) = £ e^([H'(S)]) ■ e^([V]). 

r+t=k,s+u=l 

Formula (I2.18P follows by noting that 

k,l 

Formula (I2.19P follows similarly, by working instead with the spectral sequence (12. 5p . 

□ 
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Remark 2.19. It follows from the discussion in §|2j that for any x G S, we have: 

X»([W(^)J) = XviKF]), 
where i x : {x} "—>■ S is the inclusion of the point. 

Altogether, Corollary 12.161 and Proposition 12.181 yield the following global-to-local for- 
mula: 

Theorem 2.20. Let S be the set of components of strata of an algebraic Whitney strat- 
ification of the complex algebraic variety Z . Assume that for M* G D b MHM(Z) with 
underlying complex J 7 ' G D C [Z), the local systems H?{J-*') are constant on each pure stra- 
tum S G S for each j G Z, e.g. iti(S) = for all S G <S. Then 

(2-21) Xy(iK(Z;M')}) = Y,X c y (S) ■ X y(iH'(F%s}), 

for some points xs G S . 

3. A Hodge- theoretic analogue of the Riemann-Hurwitz formula 

In this section, we apply the above formalism and properties of Xy-genera to the study of 
Hodge-type invariants for a projective morphism onto a curve. We first recall the definition 
of nearby and vanishing cycle functors. 

3.1. Vanishing and nearby cycles. Let X be a (separated and reduced) complex analytic 
space of dimension n + 1, and / : X — > A be a holomorphic map onto the unit disc in C, 
which is smooth over the punctured disc A*. The total space X is homotopy equivalent 
to X = / _1 (0) by a fiber-preserving retraction r : X — > X . So the inclusion i t : X t = 
/ -1 (t) X followed by this retraction yields the specialization map r t : X t — > Xq. 
Let z'o : X <^-> X be the inclusion map, and define the canonical fiber X^ by 

Xx> '■= X Xa* ft, 

where h is the complex upper-half plane (that is, the universal cover of the punctured disc 
via the map z \— > exp(27rz2;)). Then Xoo is homotopy equivalent to any smooth fiber X t of 
/. Let k : X^ — > X be the induced map. 

Definition 3.1. The nearby cycle complex is defined by 

MQx) ■= i* RKk*Q x G D b c (X ). 

By using a resolution of singularities, it can be shown that ipf(Qx) — R r t*Qx t > f° r t ^ 
small enough. The vanishing cycle complex 0/(Qx) G -D^(Xo) is the cone on the com- 
parison morphism Qx = ioQx i^fiQx), that is, there exists a canonical morphism 
can : i/)f(Qx) ~^ <fif(Qx) such that 

(3.1) zSQx - V/(Qx) 0/(Qx) ™ 

is a distinguished triangle in D b (X ). 
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In fact, by replacing Qx by any complex in D C [X), we obtain in this way functors 
ipf,4>f '■ D h c (X) — > D h c (Xo). It is well-known that if X is locally a complete intersection 
(e.g., X is smooth), then ipfQx[n] and are perverse complexes. This is just a 

particular case of the fact that the shifted functors p ipf '■= 4>f[— 1] and p (pf := </>/[— 1] take 
perverse sheaves on X into perverse sheaves on the central fiber X (cf. [3D], Thm. 6.0.2). 

Remark 3.2. The above construction of the vanishing and nearby cycles comes up in the 
following global context (for details, see |20j, §4.2). Let X be a complex algebraic (resp. 
analytic) variety, and / :I^Ca non-constant regular (resp. analytic) function. Then 
for any t G C, one can construct functors 



where X t = /~ x (£) is assumed to be a non-empty hypersurface, by simply repeating the 
above considerations for the function f — t restricted to a tube T(X t ) := / -1 (A) around the 
fiber X t (here A is a small disc centered at t). At least in the algebraic context, the tube 
(which is an analytic space) can be chosen so that / : T(X t ) \ X t — > A* is a topologically 
locally trivial fibration, where A* := A \ {£}. In the analytic context, for this to be true 
one needs to assume, for example, that / is proper on the tube T(X t ). 

Of particular importance is the fact that the nearby and vanishing functors can be defined 
at the level of Saito's mixed Hodge modules [36], [37]. More precisely, if / is a non-constant 
regular (resp. holomorphic) function on the complex algebraic (resp. analytic) space X, 
then one has functors ipf,4>f ■ MHM(X) — > MHM(Xq), compatible with the correspond- 
ing perverse cohomological functors on the underlying perverse sheaves by the functor 



which assigns to a mixed Hodge module the underlying Q-perverse sheaf. In other words, 
rat o ipj = p ipj o rat, and similarly for (j)f. As a consequence of this fact, if X is smooth, 
for each x G X we have canonical mixed Hodge structures on the groups 



where M x denotes the Milnor fiber of / at x. 

By the identification in (13.21) . we note that Supp(0/Qx) C Sing(X ) (see [20], Example 
4.2.6 and Prop. 4.2.8). Then we have the following vanishing result (e.g., see [30], Example 
6.0.13), whose proof we include here for completeness of the exposition: 

Lemma 3.3. Assume X is smooth and f : X — > A is proper. If s := dimcSing(X ) , then 



Proof. Since X is a smooth complex manifold of dimension n + 1, it follows that Qx[n+ 1] 
is perverse on X. Therefore p 4>fQx[ n + 1] = 4>fQx[ n } £ Perv(A ). If £ := Sing(X ), then 
Supp(0/Q x ) C E yields that 0/QxN|s G Perv(E), see [2D], Cor. 5.2.5. The proof follows 
since (noting that Xo and E are compact) 

W(X ,<p f Q x ) W~ n (X ,<p f Q x [n]) = W~ n (Z, 0/QxN| s ) =0 for j - n £ [s,s], 



r G D b c {X) » V>/- t (.n,0/-t(.n G D\{X t ) 



rat : MHM(X) -> Perv Q (X) 



(3.2) 




W(X ,<f>fQx) = 0, for 3 i[n-s,n + s}. 
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where the vanishing follows from [20], Proposition 5.2.20. 

□ 

3.2. A Riemann-Hurwitz formula for x^-genera. Let / : X — > C be a surjective 
projective algebraic morphisms from a smooth (ra+l)-dimensional complex algebraic variety 
onto a smooth algebraic curve. Let £(/) C C be the critical locus of /. Then / is 
a submersion over C* := C \ £(/), hence locally differentiably trivial (by Ehresmann's 
fibration theorem). For a point c G C we let X c denote the fiber f~ l (c). 

We want to relate the Xy _ g enera °f X and respectively C via the singularities of /, 
and to obtain a stronger version of Prop. 12.111 in our setting. The outcome is a Hodge- 
theoretic version of a formula of Iversen, or of the Riemann-Hurwitz formula for the Euler 
characteristic (e.g., see [20], Cor. 6.2.5, Remark 6.2.6, or [29], (III, 32)), see Theorem 13.41 
and Example 13.61 below. The proof uses the additivity of the x y S eims ^ together with the 
study of genera of singular fibers of / by means of vanishing cycles at a critical value. 

Theorem 3.4. Let f : X — > C be a projective algebraic morphism from a smooth (n + 1)- 
dimensional complex algebraic variety onto a non-singular algebraic curve C. Let £(/) C C 
be the set of critical values of f , and set C* = C \ £(/). If the action of tti(C*) on the 
cohomology of the generic fibers X t of f is trivial (e.g., n\{C*) =0), then 

(3-3) X C y(X) = X y(C) ■ XliXt) ~ £ X*(P" (*d <f>f- C ® X )}) 

«*£(/) 

Proof. Under our assumptions, the fibers of / are complex projective varieties, and fibers 
over points in C* are smooth. By additivity, we can write: 

ceE(/) 

where X* := f~ l (C*). Then by Lemma [231 we have that x y {X*) = x c y {C*)Xy{Xt), where 
X t is the smooth (generic) fiber of /. 

Now let c G £(/) be a critical value of / and restrict the morphism to a tube T(X C ) : = 
/ _1 (A C ) around the singular fiber X c , where A c denotes a small disc in C centered at c. 
By our assumptions, / : T(X C ) — > A c is a proper holomorphic function, smooth over A*, 
with fibers complex projective varieties, that is, a one-parameter degeneration of complex 
projective varieties. Then there is a long exact sequence of mixed Hodge structures (e.g., 
see |32j, Thm. 1.1): 

(3.4) ► W{X C - Q) -> W{X C - ij f - c Qx) -> W (X c ; <f> f - c Qx) 

where H?(X C \ tpf- c Qx) carries the limit mixed Hodge structure defined on the cohomology 
of the canonical fiber (usually denoted X^) of the one-parameter degeneration / : T(X C ) — > 
A c (e.g., see [33], §11.2). However, a consequence of the definition of the limit mixed Hodge 
structure is that (cf. [33], Cor. 11.25) 

dimcF^Xoo; C) = dim c F p W(X t ; C), 
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where X t is the generic fiber of the family (and of /). Therefore, 

XyiX.,) := Xs ([H'(X c ; V/-cQjO]) = Xy(X t ). 
With this observation, from (13.41) we obtain that for a critical value c of f the following 
holds: 

Xy (X c ) = x 2/ ([H , (X c ;^- c Qx)])-Xy([H*(X c ;0 / _ c Q x )]) 

= Xy{X t )-Xy{W{X c] <j>^ c Q X )}). 

By additivity and Lemma [221 this yields (13. 3p . 

□ 

Remark 3.5. The key point in the proof of the above theorem was to observe that in a 
one-parameter degeneration of complex projective manifolds the x y -genus of the canonical 
fiber coincides with the Xy-genus °f the generic fiber of the family. Note that this fact 
is not true for the corresponding ^-polynomials, since, while the Hodge structure on the 
cohomology of the generic fiber is pure, the limit mixed Hodge structure on the cohomology 
of the canonical fiber carries the monodromy weight filtration. 

Example 3.6. If X is smooth and / has only isolated singularities, then 

(3.5) Xy (X) = x C y(C)x c v (X t ) + (-l) n+1 £ Xy ( [H n (M x ; Q)] ) , 

xeSing(/) 

where M x is the Milnor fiber of / at x. Indeed, if / has only isolated singular points, then 
each critical fiber X c has only isolated singularities and the corresponding vanishing cycles 
<f)f- c Qx are supported only at these points. Then (13.51) follows from the identification in 
(13. 2p and the vanishing of Lemma 13.31 

Remark 3.7. In the special case of the Euler characteristic x = X-ii the formula in 
Theorem 13.41 and in the example above holds for any proper analytic morphism onto a 
curve, without any assumption on the monodromy (see [20], Cor. 6.2.5). This follows 
from the multiplicativity of the Euler characteristic x under fibrations, the additivity of 
compactly supported Euler characteristic Xc, and from the fact that x — Xc (cf. |2T] . pp. 
141-142). 

We will extend the formula of Example 13.61 to the case of general singularities. By (13. 3p , 
it suffices to restrict / over a small disc A c centered at a critical value c G £(/) and to study 
the polynomial x y ([H*(X c ; 0j_ c Qx)]). Recall that the fibers of / are complex projective 
algebraic varieties, which are smooth over points in A c \ {c}. 

Fix an algebraic Whitney stratification of X c with respect to which 0/_ c Qx is con- 
structible. For each q e Z and each pure stratum S C Sing(X c ), 7Y 9 (0/_ c Qx) is a local 
coefficient system on S with stalk H q (Ms;Q), where Ms is the local Milnor fibre at a 
point in S. Then, according to Theorem I2.20[ for M* = 0/Qx[n] and by assuming trivial 
monodromy along all strata S C Sing(X c ), we obtain 

Xy{[W{X c] 0/_ c Qx)]) = £ X c y (S) ■ Xy([H'(M s ; Q)]), 

5cSing(X c ) 
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where Ms is the local Milnor fibre of / at a point in S. 
All these facts yield the following general result: 

Corollary 3.8. Let f : X — > C be a projective algebraic morphism from a smooth (n+ 1)- 
dimensional complex algebraic variety onto a non-singular algebraic curve C . Let £(/) C C 
be the set of critical values of f , and set C* = C \ £(/). Assume each special fiber X c has 
an algebraic stratification with respect to which the corresponding vanishing cycle complex 
is constructible, and moreover the monodromy along each pure stratum is trivial. If the 
action of ni(C*) on the cohomology of the generic fibers X t of f is trivial, then 

(3.6) xl(X) = x c y (C) ■ x c y (X t ) - E X c y (S)-Xy([H'(M s ;Q)]) 

c6E(/) ScSing(X c ) 

4. The presence of monodromy. Atiyah-Meyer formulae for the x?,-genus. 

In this section we prove Hodge-theoretic analogues (in the category of complex algebraic 
varieties) of the Atiyah formula for the signature of a fibre bundles in the presence of 
monodromy [2j , and of Meyer's twisted signature formula [31] . We first state and prove our 
formulae in the context of smooth projective varieties, then point out several interesting 
extensions to more general situations. 

4.1. Hirzebruch classes of complex projective manifolds and the Hirzebruch- 
Riemann-Roch theorem. Recall that if A is a smooth complex projective variety, its 
Hirzebruch class T*(Tx) corresponds to the (un-normalized) power series 

Qy(a) - "^y gQMNL Q y (o) = i + y. 

In fact, 

f;(T x ) :=td*(X)Uch*(\ y (T x )), 

where td*(X) is the total Todd class of A, ch* is the Chern character, and X y (T x ) : = 
J2 P A P T£ ■ y p is the total A-class of (the cotangent bundle of) A. Hirzebruch's class appears 
in the generalized Hirzebruch-Riemann-Roch theorem (cf. [26], §21.3, but for the version 
needed here see also [471 [8] ) , which asserts that if E is a holomorphic vector bundle on A 
then the Xy-characteristic of E, which is defined by 

Xy (X, E) := X(X, E ® A p Tx) -y p = Yl ( E(" 1 ) Mim ^( X ' Q ( E ) ® A " T x) ) ' if, 

p>0 p>0 \i>0 J 

with Tx the cotangent bundle of A and Q(E) the coherent sheaf of germs of sections of 
can in fact be expressed in terms of the Chern classes of E and the tangent bundle of A, 

3 For X smooth and projective, Xy{X, Ox) agrees with the Hodge-theoretic x y -genus defined in the first 
part of this paper. Indeed, by Deligne's theory, one has the following equality for the Hodge numbers: 
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or more precisely 

(4.1) Xy{X,E) = J (ch*(E) U f*(T x )j fl [X\. 

In particular, if E = Ox we have that 

Xy (x) = I f;{T x ) n [x\. 

Jx 

Also note that the value y — in (14. ip yields the classical Hirzebruch-Riemann-Roch 
theorem (in short, HRR) for the holomorphic Euler characteristic of E, that is (cf. [26J ) , 

X (X,E)= [ (ch*(E)Utd*{X))n[X}. 
Jx 

4.2. y^-genera of smooth projective families. Let / : E — > B be a smooth proper 
map of smooth complex projective varieties. By Ehresmann's theorem, / is a differentiable 
fibration. The cohomology groups H k (Ef,) of fibers fit into a local system R k f*<Q>E- By a 
result of Griffiths, this local system underlies a weight k (geometric) variation of Hodge 
structures on B such that the Hodge structure at b G B is just the Hodge structure we 
have on H k (E b ). Let 

H k := R k f*Q E ®q O b . 

This is a holomorphic bundle with a flat connection y : TCk — > Tlk ®o B an d it admits a 
finite decreasing filtration {J 7 ^ } p by holomorphic sub-bundles satisfying Griffiths' transver- 
sality condition y(^D c ■^l -1 ®^- Set H p ' k ~ p := Gr^ fc . This is a holomorphic bundle, 
not necessarily flat, of rank h%' ~ p := dimH p,k ' p (Eb; C). The numbers ft,^' _p for b £ B, 
remain constant in the family since they depend upper-semicontinuously on b. 

One of the main results of this section is the following: 

Theorem 4.1. Let f : E —>■ B be a smooth proper map of smooth complex projective 
varieties. Then the Hirzebruch x y -genus of E can be computed by the following formula: 

(4-2) X y(E) = I (ch* ( Xy (f)) u f;(T B )) n [B], 

where x y (f) ■= E Pl9 >o( _1 ) 9/ ^ P ' 9 ' V P e K ( B )lv] ls the K-theory Xy-genus of f. 

Before proving the theorem, we make few remarks and state some immediate conse- 
quences. 

Remark 4.2. (1) Formula (14. 2 p shows the deviation from multiplicativity of the XyS eims 
of fiber bundles in the presence of monodromy. The right-hand side of (14. 2 p is a sum of 
polynomials, one of the summands being Xy{B) • Xy{E). Indeed, the zero-dimensional piece 

Of ch*( X y(f)) ^ Xy{F). 
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(2) Formula (14.21) is the Hodge-theoretic analogue of Atiyah's signature formula (cf. [2], 
(4.3)) in the complex algebraic setting. Indeed, if y = 1, then by [27], Remark 3, and in 
the notation of [2J §4, 

dimB 



1 ^ B ^ tanh(|«j) ^ ^' 

where cii are the Chern numbers of the tangent bundle of B. Moreover, it is known that 
Xi{E) = o~(E) is the usual signature (cf. [26J ) , and in a similar fashion one can show that 
(—l) q 7i p ' q is the iCtheory signature Sign(/) from [2]. In other words, the value at y = 1 
of (S2D yields 

a(E) = J (W(Sign(/)) U £(£)) n [S]. 

(3) In [2], Atiyah pointed out that the non-multiplicativity examples for the signature of 
holomorphic fibrations Z — > C having dim^ = 2, dimcC = 1, with non-trivial monodromy 
action on the cohomology of the fiber G, also show the non-multiplicativity of the Todd 
genus. Examples of non-multiplicativity in higher dimensions can be obtained as follows. 
Let D — > C be an arbitrary holomorphic fiber bundle with fiber F and having a trivial 
monodromy. Then the Todd (and hence Xy) genus is non-multiplicative for the fibration 
Z x c D —>■ D, since Z x c D also fibers over Z with fiber F and trivial monodromy, and 

(4.3) Td{Z x c D) = Td(F)Td{Z) ^ Td(F)Td(C)Td(G) = Td{D)Td(G) 

More such examples can be obtained via standard constructions, e.g. fiber or direct products 
of Atiyah examples, or higher dimensional examples as above. 

(4) Theorem 14.11 can be extended so that we allow E and F to be singular. We can also 
discard the compactness assumption on the base B, but in this case we need to allow 
contributions "at infinity" in our formula; see the discussion at the end of this section for 
precise formulations of these general results. 

An immediate corollary of Theorem 14.11 is the following: 

Corollary 4.3. Under the assumptions of the above theorem, if moreover R k f*QE is a 
local system of Hodge structures for each k, i.e. the monodromy action of tti(B) on the 
cohomology of the fiber preserves the Hodge filtration, then 

(4-4) Xy(E) = Xy(B)- X y(F), 

where F is the typical fiber of the family. 

Proof. Indeed, if R k f*QE is a local system of Hodge structures, the Griffiths transversality 
condition for the flat connection y : Hk — » 7~Ck ®o B ^b reduces to y(^f) C ® fig. 
It follows that all bundles J-f, whence the bundles Gr^Hk = H p ' k ~ p , are flat. Since the 
rational Chern classes in positive degrees of flat bundles are trivial (cf. [28J), we obtain 

ch* ^(-l)WV = £(-l)*rauk(W»V = Xy(F). 
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The result follows. 

□ 

Remark 4.4. (1) The above corollary is false in the non-compact case, e.g., for the Milnor 
fibration of the cuspidal cupid that was already considered in §2.41 (in general, the mon- 
odromy of a weighted homogeneous hypersurface singularity is an algebraic morphism, thus 
induces a morphism of mixed Hodge structures in cohomology). 

(2) An example of fibration with the action as in Corollary 14.31 can be given as follows. Let 
G be a finite group of biholomorphic maps acting freely on the smooth projective varieties 
E and F, so that the action on the cohomology of F is non-trivial. If we let G act diagonally 
on E x F, then the fibration: 

(4.5) (E x F)/G -> E/G 

has F as its fiber, the monodromy action coincides with the action of G on the cohomology 
of F, and it preserves the Hodge filtration on H*(F) since the monodromy transformations 
are biholomorphic. 

Remark 4.5. Higher x y -genera. If X is a smooth projective variety, 7r := tti(X), and 
a G H*(Bir; Q), we define higher Xjrgenera of X by the formula 

(4-6) X ?(X) := J (u*(a)uf;(T x )) H [X], 

where u : X — > Bit is the classifying map of the universal cover of X. 

Under the assumptions of Corollary 14. 3[ formula (14.21) can be rephrased in terms of 
higher y^-genera as follows. From the classifying space description of each of the bundles 
7i p ' q , it is clear that ch* (Ti, p,q ) is induced from an universal characteristic class ch*{H p,q ) G 
H*(BGL(r; C);Q), where r = TankFC p,q . Moreover, the assumption that the action of 
Tii(B) preserves the Hodge filtration, hence the (p, g)-type, yields that the classifying map 
B — > BGL(r;C) for Ji p,q factors (up to homotopy) as B —> Bix —> BGL(r;C), where u 
is the classifying map of the universal cover of B, and v is induced by the monodromy 
action. It follows that ch* (H p ' q ) = u*(v*ch*(H p ' q )). Set a p ' q := v*ch*(H p ' q ). Then the 
Chern character of the il~-theory Xy-genus of / can be written as 



ch m (Xv(f)) = 




Then in the notation of (14. 6p and under the assumptions of Corollary 14.31 formula (14.21) 
asserts that Xy{E) can be written as a Hodge polynomial in higher genera of B, namely 

(4-7) Xy(E) = J2(- 1 ) q X [ f 9] (B).y p . 

However, since we assumed that each 7i p ' q is a flat bundle, we have that Xy (B) = 
h p ' q (F) ■ Xy(B), and the equation (14.71) yields the multiplicativity of Corollary 14.31 



HODGE GENERA OF ALGEBRAIC VARIETIES, II. 



23 



We now return to the proof of Theorem 14. 11 
Proof. Recall from §2.31 that the Leray spectral sequence of the map /, that is, 
(4.8) E p ' q = H P (B, R q f*Q E ) H p+q (E), 

is a spectral sequence of mixed Hodge structures. In fact all mixed Hodge structures 
involved in the case of a smooth projective family are pure (and by a result of Deligne, the 
Leray spetral sequence of / degenerates at E 2 ). Indeed, the local systems R q f*Q E underlie 
geometric variations of pure Hodge structures (thus admissible in the sense of Steenbrink- 
Zucker-Kashiwara; see [31], Theorem 14.49 and the references therein), and it is known 
(e.g., from Saito's work [37], see also [31], Theorem 14.50) that the cohomology of a smooth 
projective variety with coefficients in such a variation admits a pure Hodge structure. 
By definition, we have 

Xy (E) = J2(-m^Gr p F H\E;C) • {~y) P = J2x P (E) ' (~^' 



where we let x p {E) 



Y2 i (—iydimGr F H t (E;C) be the Euler characteristic associated 
Since the differentials in the Leray spectral sequence of / are 
morphisms of (mixed) Hodge structures, thus strict with respect to the Hodge nitrations, 
it follows that 



to the exact functor Gr p F 



X P (E) 



J2(-V k+l dimGr p F H k (B, R l fX E ) 



kd 



^(-1)' ^(-l) fc dimGr^(B,i?'/A) 

l V k 

J2(-l) l X p (B,R l f*Q E ). 



Therefore, 



xy{E) = Yl £(-i)ym^7*Q*) 



-y) p 



D- 1 )' \J2x p (B,R l m E )-(- y yj 
j2(-i) i Xy (B,R i m E ). 



So, we reduced the problem to the following setting, which is a Hodge-theoretic analogue 
of the situation considered by Meyer [31J: B is a smooth projective variety, Y l := R l f*Q E 
is a geometric variation of pure Hodge structures of weight / on B (in fact, for what follows, 
one may replace Y l by a weight / polarized variation of Hodge structures on B, or more 
generally, by an admissible variation of mixed Hodge structures), and we consider the \ y - 
genus of B twisted by Y l , that is, Xy(B,Y l ), which encodes the Hodge numbers of the 
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(mixed, if Y l is replaced by an admissible variation) Hodge structures on the cohomology 
groups H k (B;Y l ), k G Z> . 

If we let, as before, Tii :=Y l ®q Ob be the flat bundle associated to V , then we have an 
isomorphism 

H\B; Y l ® C) = M k {B; Q B ® Qb Hi), 

and the Hodge filtration on H k (B; Y l ® C) is induced by the filtration F* on the de Rham 
complex that is defined by Griffiths' transversality 

F p {n% ® 0b Hi) ■.= ^n B ® Tr x n x ^■■■^n B ® Z . . 

The associated graded is the complex 

Gr p F (Q% ® 0b Hi) = (n B ®o B Gr^r'Hi, GV fV ) 

with the induced differential. 
Then 

x p (B,Y l ) = ^2(-l) k dimGr p F H k (B,Y l <g> C) 

k 

= ^(-l) fc dim Gr p F M k (B; Q B ®o B H t ) 

k 

^(-l) fc dim M k {B; Gr p F (Q B ® 0b Hi)) 



(*) 



k 



= X (B,n B ®o B Gr p fHi), 

where (*) follows from [[51], Theorem 3.18 (iv)] and the fact proved by M. Saito that 
(Y l ,Q B ®o B Hi) is a cohomological (mixed, if V' is replaced by an admissible variation) 
Hodge complex in the sense of Deligne (recall B is smooth and compact; see also |34J, 
Theorem 10.9 for the case of a pure polarized variation). 

The last term in the above equality can be computed by using the invariance of the 
Euler characteristic under spectral sequences. In general, if K* is a complex of sheaves on 
a topological space B, then there is the following spectral sequence calculating its hyper- 
cohomology (e.g., see [20], §2.1): 

= H j {B, K?) => W +j (B; 1C). 
Assuming x(B, JC*) is defined, it can be computed by 

X(B,IC') = ^T(-ir+Mim H\B,1C) = ^(-1)^(5; X:*) 

i,j i 

Therefore the twisted x^-genus Xy(B,Y l ) can be computed as follows (where we neglect 
the cup product symbol or replace it by "•" where there is no danger of confusion): 



Xy(B,Y l ) XyfoVM-y)' 
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V 

= £)(-l)< x (B, n* fl ® Gr^z) • (-Z/) p 



hp 

(HRR) 



^(-l) 1 ^ch*(Gr p f%)ch*(n B )td*(B) n • (-j,)* 
/ £ (ch'iG&TU) ■ {-yf~ l ) ■ (ch*({l B )td*(B) ■ y«) n [S] 

= ^ (x>*(<>£«i) • HO') • tdr(B)ch* (\ y (T*)) n [s] 

Coming back to the computation of Xy(E), we obtain that 

= ^(-1)^(5,^/^) 
i 

= j B ^(-i) l ch m (Gr' r Hi) ■ (-y) s j ■ f;{T B ) n [S] 
= X (EHM*^*) ■ H) s ) ■ Ty{TB) n [fi] 



□ 



As an important corollary of the proof of Theorem 14.11 we obtain the following Hodge- 
theoretic analogue of Meyer's signature formula [3T] : 

Corollary 4.6. Lei Z be a smooth projective variety andY be a geometric, or polarized (or 
more generally, an admissible) variation of (mixed) Hodge structures on Z, with associated 
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flat bundle with "Hodge" filtration (V, J 7 *). Then the twisted Xy-Q enus Xy(Z,Y) can be 
computed by the formula 

(4.9) Xy (Z,Y) = J (ch*{Hc y {V))UT* y {T z )) n [Z], 

where Hc y (V) is the K -theory Hodge polynomial characteristic ofV defined by 

H Cy (v) = J2G^v-(- y y. 

V 

It is now easy to see, with minor changes in the proof of Theorem I4.1[ that we have in 
fact the following general result: 

Theorem 4.7. Let f : E — > B be a quasi-projective surjective morphism of complex alge- 
braic varieties, with B smooth and projective. Assume that the sheaves R s f*1*E, s G Z are 
locally constant on B. Then the Xy-9 enus of E can be computed by the following formula: 

(4-10) X y(E) = J (ch* ( X y(f)) U f;{T B )) n [B], 

where x y (f) ■= T l i, p (- 1 ) iGr ^i ' (~y) P e K (B)[y] is the K -theory Xy-genus of f . 

Proof. Indeed, by our assumptions of /, the local systems C s := -R s /*Q_e, s G Z, underlie 
geometric, hence admissible variations of mixed Hodge structures (see [34J, Thm. 14.49). 
Therefore, formula H4.9[) applies to each of these variations. The rest follows from the Leray 
spectral sequence of the map / (cf. (I2.6P ). by noting as in the proof of Thm. 14.11 that 

Xy{E) = Y. s (-^) S Xy{B ] Cs). 

□ 

Remark 4.8. As stated in [31], Meyer's formula for the signature o~(Z;£) of a Poincare 
local system £ (that is, a local system equipped with a nondegenerate bilinear pairing 
£ <S> £ — > Kz) on a closed oriented smooth manifold Z of even dimension involves a twisted 
Chern character and the total L-polynomial of Z (as opposed to Atiyah's formula [2J, where 
an un- normalized version of the L-polynomial is used). More precisely ([31J). 

a(Z; £) = J (ch*{[£] K ) U L(Z)} n [Z], 

where [£}k is the ii'-theory signature of £, L(Z) is the total Hirzebruch L-polynomial of Z, 
and ch* := ch* oip 2 is a modified Chern character obtained by composition with the second 
Adams operation. Similarly, following [27], p. 61-62 (see also [JT], §6), we can reformulate 
our Hodge-theoretic Atiyah-Meyer formulae in terms of the normalized Hirzebruch classes 
T*(Tz) corresponding to the power series 

Q y (a) := Q y (a(l + y)) ■ (1 + y)' 1 = { - ay G Q[y] [[a]], 
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by using instead a modified Chern character, ch1 1+ \, whose value on a complex vector 
bundle £ is 

c WO = E e " j(1+y) > 

for /3j the Chern roots of £. (In this notation, Meyer's modified Chern character is simply 
ch%y) For example, in the notations of Corollary 14.61 formula (14.91) is equivalent to 



(4.ii) X y(z, V) = / (ch\ x+y) {Hc y {v)) u t;(t z )) n \Z\. 



A similar formula can be obtained for Xy(U;Y), the twisted Xy polynomial associated 
to the canonical mixed Hodge structure on H*(U;Y), for U any smooth (not necessarily 
compact) complex variety and V an admissible variation of mixed Hodge structure on U. 
(The existence of such mixed Hodge structures follows for example from Saito's theory, 
see also [31], Thm. 14.50 and the references therein.) In this case, in order to obtain a 
cohomological mixed Hodge complex whose Hodge filtration induces the Hodge filtration 
on H*(U;Y <S> C), we need to use the twisted logarithmic de Rham complex associated to 
the Deligne extension of V on a good compactification of U. More precisely, let (V, v) be 
the corresponding vector bundle on U with its flat connection and Hodge filtration. Then 
we can choose a smooth compactification j : U —>■ Z such that D — Z \ U is a divisor with 
normal crossings, and for each half-open interval of length one there is a unique extension 
of (V, y) to a vector bundle (V 7 , y ) with a logarithmic connection on Z such that the 
eigenvalues of the residues lie in I (cf. [IE])- If we set V := V' ' 1 ), then the twisted 
logarithmic de Rham complex Q' z (\ogD) ® V is quasi-isomorphic (on Z) to Rj*Y ® C, 
and the filtration T* on V extends to a filtration T° C V since the variation of mixed 
Hodge structures was assumed to be admissible. As before, by Griffiths' transversality, we 
can filter the logarithmic twisted de Rham complex, and Saito proved that this becomes 
part of a cohomological mixed Hodge complex that calculates H*(U;Y). By repeating the 
arguments in the proof of Theorem 14. 11 we obtain the following formula, analogous to fj4.9j) . 
involving contributions at infinity (i.e., forms on Z, with logarithmic poles along D): 

(4.12) Xy(U;Y) = J z (ch*(Hc y (V)) U c/i*(^ ff z (lo gj D) • y*) U td*(Z)J n [Z\. 

This explains why under the assumptions of Corollary I4.3[ the multiplicativity of the Xy~ 
genus fails in the non-compact case (cf. Remark 14.41) . 

In view of formula (14.121) . we can obtain an even more general Atiyah type result for an 
algebraic map / as in Theorem 14.71 by dropping the compactness assumption on its target 
B. We leave the details as an exercise for the interested reader. 
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4.3. Higher x y -genera and period domains. In this section, we define higher y^-genera 
of variations of Hodge structures which correspond to cohomology classes of the quotients 
of Griffths period domains (cf. [25]). These higher genera are analogous to the previously 
considered higher genera corresponding to the cohomology classes of the fundamental group 
(cf. Remark 14.51) . and for some types of variations of Hodge structures coincide with the 
latter. These classes allow to obtain a formula for the XyS eims °f a fibration in terms 
of characteristic classes of the base, which yields the multiplicativity in a variety of cases 
including the case of trivial monodromy group. 

Let (B, V) be a pair where B is a Kahler manifold and V is a (integer) polarized variation 
of pure Hodge structures of weight k. If V is the stalk of V at a point in B, let e = ±1 
be the type of the bilinear form Q on V (i.e. Q(x,y) = eQ(y,x)), and r\y be the partition 
dimV^ = Yli P +q=k h p ' 9 where K p,q = dimH p ' q . Let D vv be the classifying space of pure Hodge 
structures of type (e, r)y). This space is a subset in the flag manifold (consisting of flags in 
V satisfying the Riemann bilinear relations) and in particular it is the base of the universal 
flag bundle := • • • C T p C • • • (rankjF p = ^2 i<p dimif l,fc ~ l ) having the flags as its fiber, 
and also for the bundles 'H p ' k ~ p which are the quotients T v ' /T p+l . 

Let f be the monodromy group corresponding to V. This is a subgroup in the subgroup 
of GL(dimV, Z) consisting of transformations preserving Q. The group F acts on D t nv and 
some subgroup Y C Y of finite index acts freely on D e rjv . The pair (B, V) defines the period 
map: 

7T : B -> D em /Y. 

The action of the group r on V and D 6tVv induces the action on the total space of T^y 
so that the projection T nv — ► D e/qv is T-equivariant. The latter map induces the locally 
trivial fibration: J r Vv /Y — > D tiVv /Y and, moreover, for any h p ' q £ rjy the bundle 7i p,q over 
D etVv descends to a bundle over the quotient D eiVv /Y. 

Definition 4.9. Let a £ H*(D eiVv /Y). The higher genus x?f' is given by: 

X P=7r*(a)UT y (B)[B}. 

Among variations of Hodge structures one can single out those for which, in the case 
e = — 1 there are at most two no n- vanishing Hodge numbers, and for e = +1 if p ^ q then 
all h p,q = except for at most two of them for which one has h p,q = 1. In this case, the 
period domain is simply-connected since it is the Siegel upper-half plane for e = — 1 and 
SO(2, h p ' p )/U(l)x SO(h p ' p ), i.e. the quotient by the maximal compact subgroup, for e = +1 
(cf. [13], p. 145). In this case the period map factors as B — > Biri(B) — ► D evv /Y = B(Y) 
(the latter is the classifying space of Y), and the Xv coincides with the higher-x y genus 
considered in [7] (see also Remark 14.51) . We shall refer to such variations as topological 
variations of Hodge structures. 

Next we shall consider a geometric variation of Hodge structures arising from a smooth 
proper map of smooth projective varieties / : E — ► B (or of compact Kahler manifolds). The 
Kahler class uje of E induces the Kahler class uop on each fiber F, which is left invariant 
by the monodromy of this fibration. In particular the Hodge form on H k (F) (given by 
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Q(a,/3) = {y)p m ~ U a U is a monodromy invariant. The primitive cohomology of 

F yields a polarized variation of pure Hodge structures, and the fundamental group 7i\{B) 
acts via the monodromy representation on @kH prim (F) and also on FJ fe D^_^k tVk , where r\ k 
is the partition of dimH k (F) prim = J2 p+q=k dimH p ' q (F) (1 H k (F) prim . Let f be the quotient 
on tt\{B) by the kernel of this action, and T be a subgroup of finite index acting freely. 

Theorem 4.10. Let f : E — > B be a smooth proper map of smooth projective varieties, 
and 

7r:B^(l[D { _ 1)k> J/r 

k 

be the total period map. Let TTk be the projection of the target of tt on the k-th component, 
and let a^ q = rrl(ch*(T-C p ' q )) be the pull back to the quotient of the total period map of the 
Chern character of the bundle 7i p ' q . Then Xy{E) ^ s given by the formula (compare with 

(4-13) Xy(E) = J2(- 1 ) q X [ f r9 \B)-y p . 

p,g 

The proof follows from the formula (14.21) similarly to the way (14.71) was derived from (14. 2p . 

Remark 4.11. If T = 1 (i.e., the monodromy group f is trivial or finite) we obtain 
multiplicativity. More generally, if the H p,q are monodromy invariant then the period map 
is homotopic to the map to a point and again one has multiplicativity. 

Remark 4.12. Fibrations for which the fibers are curves or K3 surfaces induce topological 
variations of Hodge structures and hence the XyS eims °f t ne total space can be expressed 
in terms of Novikov's type x y -genus as in Remark 14.51 On the other hand, for fibrations 
with fibers of higher dimensions one needs the generalization of the higher y^-genus except 
for very special cases. 

Remark 4.13. The generalization of the higher y^-genus given in definition (14.91) has the 
strong birational invariance property of higher genera corresponding to twisting by the 
cohomology classes of the fundamental group. More precisely, we have the K-equivalence 
relation among pairs (Bi,Y\) and (B 2 ,Y 2 ) generated by the elementary K-equivalence 
f 1 :X^>B 1 ,f 2 :X^B 2 such that /* (Vi) = f 2 (V 2 ). The monodromy groups F and total 
period domains D of Vj and V 2 are the same, and for any a in H*(D/T) the x^'-genera of 
(Bi,Yi) coincide. This follows from the push-forward formulas in the same way as in [7|. 
We shall discuss characterization of such generalized twisted Xy invariants elsewhere. 

5. Atiyah-Meyer type characteristic class formulae. 

In this section, we present characteristic class versions of the above Atiyah-Meyer for- 
mulae for the XyS eims - The proofs of these characteristic class formulae are much more 
involved, and make use of Saito's theory of mixed Hodge modules and the construction 
of the motivic Hirzebruch classes (cf. [S]), which we recall here. For full details on this 
construction, the reader is advised to consult [SI EE] • 
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Let Z be a complex algebraic variety. Then for any p G Z one has a functor of triangulated 
categories 

gr F p DR : D h MHM(Z) -> ^(Z) 

commuting with proper push-down, where Dl oh (Z) is the bounded derived category of 
sheaves of O^-modules with coherent cohomology sheaves. If Q% G D b MHM(Z) de- 
notes the constant Hodge module on Z, and if Z is smooth and pure dimensional then 
gr^ p DR(Qz) ~ p) £ D b coh (Z). The transformations gr^DR^M) are functors of trian- 
gulated categories, so they induce functors on the level of Grothendieck groups. Thus, if 
Gq(Z) ~ K (Dl oh (Z)) denotes the Grothendieck group of coherent sheaves on Z, we obtain 
the following group homomorphism commuting with proper push-down: 

(5.1) gr^DR : K (MHM(Z)) - G (Z) ® Z[y, y" 1 ], 

We can now make the following definitions (see [HI [TO] ) 

Definition 5.1. The transformation MHT y is defined as the composition of transforma- 
tions @: 

(5.2) MHT y := td* o gr^DR : K (MHM(Z)) - ® Q[y, j/" 1 ], 

where t<i* is the Baum-Fulton-MacPherson Todd class transformation [1] , which is linearly 
extended over Z[y, y -1 ]. Note that MHT y commutes with proper push-forward. 

Remark 5.2. Let K°(Z) be the Grothendieck group of complex algebraic vector bundles 
on Z. If Z an algebraic manifold, the canonical map K°(Z) — > Gq(Z) induced by taking 
the sheaf of sections is an isomorphism, and the Todd class transformation of the classical 
Grothendieck-Riemann-Roch theorem is explicitly described by £<£*(■) = ch*(-)td*(T z ) n \Z\. 

Definition 5.3. The Hirzebruch class of an n-dimensional complex algebraic variety Z is 
defined by the formula 

(5.3) f v ,(Z) := MHT y ([Qz]). 

Similarly, if Z is an n-dimensional complex algebraic manifold, and V a polarized variation 
of Hodge structures on Z, we define twisted Hirzebruch characteristic classes 

(5.4) f y ^Z;Y) = MHT y ([Y H ]), 

where V H [n] = ((V, v)> J 7 -,, V[n]) is the smooth mixed Hodge module on Z corresponding 
to V, with T-» := T* (e.g., see [31], Thm. 14.30 and the references therein). 



The special case of the transformation MHT y at y = 1 was previously used by Totaro [IS] for finding 
numerical invariants of singular varieties, more precisely Chern numbers that are invariant under small 
resolutions. 
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By [[8], Lemma 3.1 and Theorem 3.1], the following normalization holds: if Z is smooth 
and pure dimensional, then T ysf (Z) = T*(T Z ) fl [Z], thus T y# (Z) is an extension to the 
singular setting of (the Poincare dual of) the un-normalized Hirzebruch class. 

We can now prove the following Meyer-type formula for the twisted Hirzebruch charac- 
teristic classes 

Theorem 5.4. Let Z be a complex algebraic manifold of pure dimension n, and V a polar- 
ized variation of Hodge structures on Z with associated fiat bundle with "Hodge " filtration 
{V,f). Then 

(5.5) f y .(Z;V) = (ch\Hc y {V)) UT y *(T z )) n [Z] = ch\Hcy{V)) nT y ^(Z), 
where Hc y (V) is the K-theory Hodge polynomial characteristic ofV. 

Proof. Let Y H [n] = ((V, \/),J--», V[n]) be the smooth mixed Hodge module on Z corre- 
sponding to V, with JF_. := T* the increasing filtration on the D-module V. It follows 
from Saito's work that there is a filtered quasi-isomorphism between (DR(Y H ), and 
the usual filtered de Rham complex (Q* Z (V), F') with the filtration induced by Griffiths' 
transversality, that is: 



™z(V) : 

Therefore, 



■p—i _v 



f y ,(z ; v) = td* (E (£(-i)'[tf (0^«(v*))]J ■ (-y) 1 
= td * (E (ec-WW^M)]) ■ (- y y 
= td * (E (D" 1 )^ ® gvt'VI J • (-v)' 

= E E(-!) 1 ® ^V]) • {-yf 

p i 
p i 

E E K(GrFv) • (-yf- 1 ) u (ctf(n* z ) ■ y *) u td\z) n [z] 

p i 

Y,ch\Gr%V) ■ (-vA U fcch*{tf z )-y*\ Utd\Z) n [Z] 

c/i*(if C2/ (V)) U c/i*(A^(T|)) U id* (Z) n [Z] 
c/i*(Fc,(V))UT,*(T z )n[Z], 



(GRR) 



32 SYLVAIN E. CAPPELL, ANATOLY LIBGOBER, LAURENTIU MAXIM, AND JULIUS L. SHANESON 



where (GRR) means an application of the classical Grothendieck-Riemann-Roch theorem. 

□ 

Remark 5.5. More generally, Saito [37] showed that an admissible variation of mixed 
Hodge structures on a smooth variety Z (e.g., a geometric variation of mixed Hodge struc- 
tures), with underlying local system C, gives rise to a smooth mixed Hodge module on Z, 
call it £^[dimZ], with £[dimZ] as its underlying perverse sheaf. Then one can define as 
in (15.41) twisted Hirzebruch characteristic classes associated to such admissible variations. 
Note that Theorem 15.41 remains true in this greater generality, i.e., we can let V be a geo- 
metric variation of (mixed) Hodge structures, or more generally, an admissible variation 
of mixed Hodge structures. Then if Z is complete, Corollary 14.61 can be obtained from 
Theorem 15.41 by pushing forward to a point via the constant map Z — > pt. 

Jorg Schiirmann [12] communicated to us that the following Atiyah-type result can be 
obtained as a direct application of the Verdier-Riemann-Roch formula for a smooth proper 
morphism (cf. [SJ, Cor. 3.1(3)), if one makes the identification H p ' q ~ R q f*(A p Tf), with T] 
the dual of the tangent bundle Tf to the fibers of / (cf. [34J, Proposition 10.28). However, 
the proof we give here is based only on the definition of the Hirzebruch classes and on 
Theorem 15.41 in the context of geometric variations of Hodge structures. 

Theorem 5.6. Let f : E — > B be a smooth projective morphism between complex algebraic 
manifolds. Then the following holds: 

(5-6) /4(£) = #( x ,(/))n^(B), 

where x y (f) = T ip , q >o(- 1 ) q ^ P ' 9 ' V v is the K-theory x y -genus of f. 

Proof. Since / is proper and the transformation MHT y commutes with proper pushdowns, 
we first obtain the following: 

(5-7) 0ySE) = UMHTy{n H E ])) = MHT y ([fM])- 

Now let r< be the natural truncation on D b MHM(B) with associated cohomology H* . 
Then for any complex M* G D b MHM(B) we have the identification (e.g., see [20J, p. 
95-96; g0], Lemma 3.3.1) 

(5.8) [M'\ = ^(-l) i [^(M*)] e K (D b MHM(B)) = K (MHM(B)). 

In particular, if for any fceZwe regard H l+k (M*)[— k] as a complex concentrated in degree 
k, then 

(5.9) [H i+k (M')[-k]] = (—l) k [H i+k (M')] G K (MHM(B)). 

Therefore, if we let M* = /*Q^, we obtain that 
(5.10) 

f^(E) = ^(-1) ! MT,([F(/^)]) = J2(- i y^y([H t+dimB (f*QE)[-dimB]]). 
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Note that H % (f*Qjjj) G MHM(B) is the smooth mixed Hodge module on B whose under- 
lying rational complex is (recall that B is smooth) 

(5.11) rat(/T(/*Qf )) = p H\RUQe) = (R^ 3 f*Q E )[dimB], 

where for the second equality we refer to |34] , Example 13.20. In this case, each of the local 
systems C s := R s /*Qb underlies a geometric variation of Hodge structures. 
Altogether, (I5.10P becomes 

(5-12) hf y SE) = £(-l)*f tf ,(5; £f ), 

where, by analogy with Definition 15.31 £^[diml?] := H t+dimB (f*Qg) is the smooth mixed 
Hodge module whose underlying perverse sheaf is £j[dimS]. 

Our formula (15.61) follows now from Theorem 15.41 and Remark 15.51 

□ 

Remark 5.7. If B in the above theorem is also complete, then by pushing (15.61) down to 
a point via the constant map B — > pt, we get back the result of Theorem 14.11 

An immediate corollary of Theorem 15.61 is the following extension of [[10] . Cor. 3.12], 
whose proof imitates that of Corollary 14.31 

Corollary 5.8. Under the assumptions of the above theorem, if moreover R k f*Q>E is a 
local system of Hodge structures for each k, i.e. the monodromy action of tti(B) on the 
cohomology of the fiber preserves the Hodge filtration, then 

(5-13) y SE) = X y(F)f y ^B), 

where F is the fiber of f. 

Remark 5.9. Note that in the proof of Theorem 15.61 we only used the fact that / is proper 
(so that the characteristic class transformation MHT y commutes with /*), and that the 
local systems C s := R s f*Q>E, s G Z, underly admissible variation of mixed Hodge structures 
on the smooth variety B. Therefore Theorem 15.61 admits the following generalization, where 
we allow the generic fiber and the domain of the map to be singular: 

Theorem 5.10. Let f : E — > B be a projective surjective morphism of complex algebraic 
varieties, with B smooth, such that the sheaves R s f if r LE, s G Z are locally constant on B. 
Then 

(5-14) hfy^E) = ch* ( Xy (f))UT yst (B), 

where x y (f) ■= Ei^-l)^ 7 "^ ' (~y) P e K(B)[y] is the K-theory Xy-genus of f. 
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